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13.10.2011

.
H1

a) Df = (−1, 1), Hf = R. f−1(t) = 1−et

1+et
, t ∈ Hf .

b) Df = [0, 1], Hf = [min(a, b),max(a, b)]. Pokud a 6= b, pak f−1(t) = t−b
a−b

, t ∈ Hf .

H2 Označme množiny postupně A,B,C,D.

a) supA = 3, inf A = 1.

sup: i) (∀n ∈ N : 3 − 2

n
≤ 3) ⇔ (∀x ∈ A : x ≤ 3). ii) pro c < 3 najdu n0 := [ 1

3−c
] + 1, tedy

∀c < 3 ∃x ∈ A : x > c, protože lze volit x := 3− 2

n0
.

inf : i) (∀n ∈ N : 1 ≤ 3− 2

n
) ⇔ (∀x ∈ A : x ≥ 1). ii) pro c > 1 vezmu x = 1, nebot’ x ∈ A a x < c.

b) supB = 1, inf B = −1.

sup: i) jistě ∀x ∈ (−1, 1) : x ≤ 1. ii) pro 0 < c < 1 voĺım x := c + 1−c
2
, pak x ∈ B a x > c,

pro c < 0 voĺım x := 1

2
. Infimum analogicky.

c) supC = 1, inf C = −1.

sup: i) zřejmě ∀n ∈ N : cos(π− π
n
) ≤ 1. ii) pro c < 1 vezmu n0 = 1 a tedy cos(π− π) = cos 0 = 1 > c.

inf: i) ∀n ∈ N : cos(π − π
n
) ≥ −1. ii) pro 1 ≥ c > −1 vol n0 := [ π

π−arccos c
] + 1, pak cos(π − π

n0
) < c.

Pro c > 1 voĺım x := 1.

d) supD = 1, infD = 0.

Nejprve dokážu, že D :=
⋂

k∈N[−
1

k
, 1 + 1

k
] = [0, 1]. K tomu je třeba ukázat předevš́ım, že D ⊆ [0, 1],

nebot’ opačná inkluze je zřejmá. Dokážeme sporem. Necht’ tedy existuje x ∈ D, pro které plat́ı x < 0
nebo x > 1. Pokud x < 0, tvrd́ım, že existuje k0 ∈ N, takové, že x < −1

k0
. Opravdu, z archimédovy

vlastnosti přirozených č́ısel existuje k0 ∈ N splňuj́ıćı k0 >
−1

x
. Potom je ale x < −1

k0
a x /∈ [−1

k0
, 1 + 1

k0
].

Tedy x /∈ D, což je spor. Obdobně pokud x > 1. Dostáváme, že D = [0, 1] a určeńı suprema a infima
je už triviálńı.

H3

a) {x}, x ∈ R.

b) [f−1(A) ∩ f−1(B) = f−1(A ∩B)] ⇔ [x ∈ f−1(A) ∩ f−1(B) ⇔ x ∈ f−1(A ∩B)].
Dokážeme výrok vpravo:

x ∈ f−1(A) ∩ f−1(B) ⇔ [x ∈ f−1(A) ∧ x ∈ f−1(B)] ⇔ [f(x) ∈ A ∧ f(x) ∈ B] ⇔

⇔ f(x) ∈ A ∩B ⇔ x ∈ f−1(A ∩B).

c) f−1(M) = {t, t ∈ [0, 1], sin(2πt) ∈ M} = [0, 1]

f−1(N) = {t, t ∈ [0, 1], sin(2πt) ∈ N} = ∅

f−1(P ) = {t, t ∈ [0, 1], sin(2πt) ∈ {0}} = {t, t ∈ [0, 1], sin(2πt) = 0} = {−1; −1

2
; 0; 1

2
; 1}

S = {−1

2
; 1
2
}, f−1(S) = {t, t ∈ [0, 1], sin(2πt) = ±1

2
} = {−5

12
; −1

12
; 1

12
; 5

12
}.
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